DS 100/200: Principles and Techniques of Data Science Date: October 23, 2019

Discussion #9

Name: Raﬂuv\;F KU V\cuni

Geometry of Least Squares

1. Consider the following diagram for the geometry of least squares. Fill in the blanks on the
diagram with one of the following: (Note that /3 is the optimal /3, and « is an arbitrary vector.)
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2. Use the figure above, to explain why, for all o € RP,
|17 — Xa|* > ||7 — XB]?

Bj AePinngm) ; s sueh Hhat X{a has elosest distamce +o y- Hus

e ng \\‘3")(’3\12  miatmized when ,g:é ,Amj other /onz

when a;zg will hawe a 8/~ea+ofr ov Q«bua\ valve for Hg-XﬁHa.

3. From the figure above, what can we say about the residuals and the column space of X?
Explain your statement using linear algebra ideas.

cesvduals oFﬁJ\Aogom\ 1o eolumn space of X

VERY T MPORTANT!I

4. Derive the normal equations from the fact above. That is, starting from the orthogonality of

the residuals and column space of X, derive X' = XTXB :

See end of worksheet for soluhon

5. What must be be true about X for the normal equation to be solvable, i.e., to get a solution for B2

What does this imply about the rank of X and the features that it represents?
; T, N_ LT
Normal equation : X XBp=X Y
- ' A ~)
P (X7 exsks, B [ xT %) X"y
(XTX)-' exists @V\\«j R X 15 L)\ wlemn cank, which
also meavs e Ffeatures X contmins must be

T - ‘
S¢e end o‘P wo:{‘\%l«ee‘\’ Lo uu\/uj (X X) extsts Bnlj wl’ien
X ;3 ‘\QUH c,o\wvm mm\{
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Dummy Variables/One-hot Encoding

In order to include a qualitative variable in a model, we convert it into a collection of dummy
variables. These dummy variables take on only the values 0 and 1. For example, suppose we have
a qualitative variable with 3 levels, call them A, B, and C, respectively. For concreteness, we use
a specific example with 10 observations:

[A,A A A, B,B,B,C,C,C]|

In linear modeling, we represent this variable with 3 dummy variables, 4, g, and ¥ arranged
left to right in the following design matrix. This representation is also called one-hot encoding.
Xa Xg X¢
o o

SO O MFHEHEFEFOOOO

(il elNeNolaoll S
_ = _ 0 OO OO O oo

We will show that the fitted coefficients for Z 4, g, and Z¢ are 44, ¥5, and 7c, the average of the
y; values for each of the groups, respectively.

. Show that the columns of X are orthogonal, (i.e., the dot product between any pair of column
vectors is 0).

Dot Produet of x and y : xrj = % XLYv
For G”V\"j +wo vu‘\wrs we CLOOSC ‘gmm XPHXB)XQ , \H,\Q LH‘ w{.ﬂj
o"F %Qse. Q vectoss :5 nener Lﬂ i CL‘j \Hne Wa"j we

constveted x4, Xg, and xo . Faus, the frodud' oF e

andeies I alwaujs ®, se e d‘ﬁ' emc\/\iﬁ' L\s (x'uuaug/? ©.
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7. Show that
na 0 0
XX=[0 ng 0
0 0 ngo

Here, n4, np, ne are the number of observations in each of the three groups defined by the levels
of the qualitative variable.
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T_, T = X X x - .
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| ' ‘ XQ —'x(/' L‘ I ' %C-KA X ot X XX
ny © O
8. Show that _
. D icaYi "o g ©
Xy = ieB Yi o o "c
ZiECyi
— r .'\ ‘ ,
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L -
x
—w.— 4] Ll s s an A
Llec _

9. Use the results from the previous questions to solve the normal equations for B ,1.e.,
b= XXXy
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